Introduction
In this paper, a new model, the birth-death process with disaster and instantaneous resurrection, is investigated. It is a continuous-time Markov chain (CTMC) on the state space Z+ = {0, 1, 2, ... } whose infinitesimal behavior is governed by the following preq-matrix. with those mentioned above, the existence problem is not the only interest to us. In fact, our main interest focuses on probabilistic properties such as recurrence, ergodicity, equilibrium distributions and reversibility for such an abundant and challenging structure. Note also that our model is a generalization of that of Chen and Liu (2003) . Indeed, letting di = 0 (i > 1) will recover their model. One of the main advantages of our current model, compared with that of Chen and Liu (2003) , is that it enables us to study the important topic of reversibility.
It is worth pointing out that to study the proposed model is not only of importance in theory but also has significance in applications. The interpretation of the model (1.1), together with (1.2), is that, when the Markov process (if any) approaches a special state, zero, say, it could jump to any other state with any intensity having no limitation. The process may also instantaneously jump back to this special state from any other state. In practice, there exists a variety of natural phenomena which may be modelled in this manner.
The structure of this paper is as follows. The existence criteria are given in Section 3 while the uniqueness criteria and construction of the processes are presented in Section 4. The properties of the corresponding processes, particularly the properties involving recurrence, ergodicity and equilibrium distributions, are discussed in Section 5. The important reversibility is presented in Section 6. Some examples are provided in Section 7 to illustrate our results. It will be seen that all the above discussions are closely linked with some underlying nonconservative birth-death processes and, thus, as a preliminary, these processes are discussed in Section 2. However, some detailed proofs of the results in Section 2 are postponed to Appendix A. Because of the complexity of the model, arguments in this paper will mainly focus on the case of R < oo (defined below). The case of R = +oo will be discussed in a subsequent paper. However, in Section 2 (and thus also in Appendix A) this assumption will not be imposed. The terminology, notation and the basic results used in this paper will mainly follow Anderson (1991), M. F. Chen (1992) and Yang (1990) .
Nonconservative birth-death processes
For any BDDIR pre-q-matrix Q as in (1.1) and (1.2), we shall always denote by Q* the restriction of Q to Z++ = Z+ \ {0}. Hence, Q* is an ordinary (nonconservative) birth-death q-matrix. Following Feller (1959) , we define the natural scale {p,; n E 2++} and the potential coefficients I-= {rrn; n E Z++} with respect to Q* as follows: The following five lemmas, especially the construction Lemma 2.4, will play a crucial role in the analysis of BDDIR processes. However, we shall only state the lemmas here. The detailed proofs will be postponed to Appendix A, except for the simple Lemma 2.5. where, as is the usual convention, the term 1/u0 (X) on the right-hand side is taken to be zero if u0,(X) = cx for X > 0 (equivalently, R = oo).
(ii) If R < co (and thus p, <oo; see Lemma 2.5), then, when X --0, Proof Comparing (2.6) with (2.1) we see that Re < oo00 implies that p' < oo, which, together with (2.4), in turn implies that gj in (2.5) can be rewritten as (2.33).
Existence of BDDIR processes
The first basic and important task is to establish an existence criterion. More precisely, given a BDDIR pre-q-matrix Q, we need to establish conditions under which there exists a Q-function which satisfies (1.3) and, then, by the general theory of CTMCs, a corresponding Markov process {X (t); t > 0} can be constructed. As usual, we shall call this Markov process (if any) a Q-process. Note that, in accordance with Reuter (1959) , (1962), a Q-process may refer to the Q-function P(t), the Q-resolvent R(X) or the Markov process {X(t); t > 0} itself. In cases where we need to distinguish them, they can be clearly recognized by the above notation. The condition (3.2) is not very satisfactory since it involves the Q*-resolvent rather than the elements of the given Q. From Lemma 2.4, we see that the construction of the Q*-resolvent is quite complicated and thus verifying (3.2) directly is not an easy task. A simple criterion is therefore needed, particularly from the viewpoint of applications. Fortunately, such an aim can be achieved under the assumption that R < oo. For this and other reasons, from now on we shall always assume that R < oo. The more subtle case, R = oo, shall be discussed in a subsequent paper.
In connection with this assumption, we give the following definition.
Definition 3.1. Let Q be a given BDDIR pre-q-matrix.
(i) We say that Q is bilateral if R < co and r, < oo.
(ii) We say that Q is exit if R < co and r, = oo.
Note that the above classification is just the Feller boundary classification with respect to Q*. However, for simplicity, we have applied the terms to Q itself. In order to avoid possible confusion, we use the new term 'bilateral' rather than 'regular', as was originally used by Feller. Now, under the basic assumption R < oo, we obtain the following equivalent criterion which is easy to check. 
Ergodicity and equilibrium distribution
After establishing existence and uniqueness criteria, we now turn our attention to the properties of the BDDIR processes. In particular, we are interested in properties regarding recurrence, ergodicity and equilibrium distribution. Of course, we only need to consider the honest processes since the conclusions would be trivial for dishonest ones. We now consider the bilateral case. By Theorem 4.3, we know that in this situation there exist infinitely many honest Q-processes. At first sight, it seems that a complete clear-cut ergodicity solution would be very unlikely since such properties reasonably depend on the specific Q-process. Surprisingly, we may however prove the following theorem. The proof is complete. 
Considering the fact that each of these Q-processes is ergodic, we are interested in finding the corresponding equilibrium distribution. We denote by F(c)
-
Symmetry and reversibility
We now turn our attention to another very important question. For a given BDDIR pre-qmatrix Q, under what conditions does there exist an honest weakly symmetric or reversible Q-process? Furthermore, under what conditions does there exist only one such process? Again, we shall mainly consider this question under the assumption that R < 00.
We refer the reader to Anderson (1991) and M. F. Chen (1992) for the general concepts and basic conclusions as well as the terminology and notation regarding weak symmetry and reversibility. In particular, recall that a transition function P(t) = {pij (t); i, j E E}, where the state space E is a countable set, is called weakly symmetric if there exists a set {g1i; i E E} of strictly positive numbers such that gi Pij (t) = g j ji (t) for all i, j E E and t > 0. If we further have EiEE gi < +oo, then P(t) is called symmetric. In both cases, this set {gi; i E E} is called a symmetrizing measure.
We now begin to consider our BDDIR reversible processes. The first thing we need to do is to recognize the symmetrizing measure for our BDDIR pre-q-matrix Q. Applying the results obtained before, we get the following conclusion. We may now obtain the following conclusion. directly. By virtue of (2.26), we immediately obtain (2.28) and (2.29) except that mi < 00. However, the finiteness of these quantities can be easily shown. Indeed, as observed at the end of the proof of Theorem 5.1, we know that mi < gi (for i > 1). Since R < o• implies that all gi, i > 1, are finite, so all mi, i > 1, are finite, which then in turn implies (2.27). This completes the proof.
